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The modiﬁcation of conforming hexahedral meshes is diﬃcult to perform since their
structure does not allow easy local reﬁnement or un-reﬁnement such that the modiﬁcation
does not go through the boundary. In this paper we prove that the set of hex ﬂipping
transformations of Bern et al. (2002) [1] is the only possible local modiﬁcation on a
geometrical hex mesh of valence less than ﬁve i.e., with less than ﬁve edges per vertex. We
propose a new basis of transformations that can generate sequences of local modiﬁcations
on hex meshes of valence less than six. For quadrilateral meshes, we show the equivalence
between modifying locally the number of quads on a mesh and the number of its internal
vertices.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Many industrial codes performing numerical simulations use hexahedral and quadrilateral meshes. For example in
mechanics, hexahedral and quadrilateral meshes are preferred to tetrahedral or triangle meshes by some scientists. An
important ﬁeld of computational ﬂuid dynamics (CFD) is the accuracy of the result obtained from a numerical scheme. One
of the means used to optimize the accuracy or cost of a numerical scheme in CFD is mesh adaptation. For a given numerical
scheme the aim of mesh adaptation is to change locally the size of the mesh with respect to the behavior of the physics
being solved. But one diﬃculty with the modiﬁcation of hexahedral meshes is to transform it locally without touching a
large region of the mesh, due to its structure as a set of layers.
In [1], Bern et al. proposed ﬂipping transformations for hexes which are local modiﬁcations of hex meshes i.e., the
modiﬁcations does not change the boundary quads of the local domain where they are applied. No other local modiﬁcations
of conforming and geometrical hex meshes of valence less than ﬁve exist to our knowledge. The ﬂips for hex meshes of
Bern et al. were obtained as possible exchanges of upper and lower facets of a four-dimensional cube.
We propose a characterization of the local modiﬁcations on hex meshes of valence less than ﬁve. We prove combinato-
rially that the ﬂips for hex meshes are the only possible local modiﬁcations on a geometrical hex mesh of valence less than
ﬁve, using relationships between vertices, faces, edges and cells of the mesh. We also propose an extension of the ﬂips for
hex meshes to modiﬁcations involving meshes of valence less than six.
Local modiﬁcations on quad meshes seem to be easier to perform than on hex meshes. We propose a characterization of
these operations as equivalent to the modiﬁcation of the number of internal vertices of the quad mesh.
The paper is organized as follows. The second section is devoted to the deﬁnitions and notations. In the third section,
we prove that the modiﬁcation of the number of quads on a quad mesh with its boundary unchanged is equivalent to the
modiﬁcation of the number of its internal vertices. We also propose a characterization of local modiﬁcations of hex meshes
of valence less than ﬁve. In the fourth section, we show that the hex ﬂipping transformations of Bern et al. are the unique
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ﬂips for hex meshes to a new set of local transformations of geometrical hex meshes with less than 6 edges per vertex, and
which generates sequences of transformations.
2. Deﬁnitions and notations
A quad surface mesh is a polyhedron whose faces are all quads. In what follows, boundary means part of the surface
mesh, and internal is the complement. A hex (hexahedron) mesh is a decomposition of the interior of a polyhedron into
hexahedra, where two hexes intersect at a facet or not at all, and the boundary of the hex mesh is a quadrilateral mesh of
the polyhedral surface. We denote by facet of a hex mesh: a vertex, an edge, a quad, or a hex.
Quad surface meshes and hex meshes are both examples of cubical complexes [2,6,7], the analogue of simplicial complexes
in which each k-dimensional face is a k-dimensional cuboid, i.e., a combinatorial cube in k dimensions. The valence of a
vertex is the number of edges connected to that vertex. An Me/v -hex mesh is a conforming hex mesh without holes, of
which every vertex is connected to M edges at the most. We denote by cell a quadrilateral on a quad mesh or a hexahedron
on a hex mesh. We also denote by face an edge on a quad mesh or a quadrilateral on a hex mesh. The body of a hex mesh
is all facets which have no vertex on the boundary.
In the following, if not mentioned, we consider only non-singular simply connected meshes (without holes): simply
connected meshes of which each cell has at least one common face with the rest of the mesh.
On a mesh, we denote by P the number of hexes; F the number of faces (quads); E the number of edges; V the number
of vertices; V kj the number of vertices with k boundary edges and j internal edges. For facet type f , f¯ denotes the number
of boundary f , and f˚ denotes the number of internal f . Both quad meshes and hex meshes are considered in the following
sections.
For ball topologies, we use Euler’s and Cauchy’s formulas [5,3]:
V − E + F − P = 1, (2.1)
for a complex of polyhedra, and
V − E + F = 2, (2.2)
for a single polyhedron.
3. Local modiﬁcations of quadrilateral and hexahedral meshes
3.1. On quadrilateral meshes
Changing the number of quads of a quadrilateral mesh while keeping unchanged its boundary, is equivalent to changing
only the number of its internal vertices.
Theorem 3.1. The variation of the number of quads equals the variation of the number of internal vertices between two quad meshes
(mesha and meshb) of the same domain, if and only if the two meshes have the same number of boundary vertices:
V˚a − V˚b = Fa − Fb ⇐⇒ V¯a = V¯b.
Proof. Consider a quad mesh. Thanks to the Euler formula [5],
V − E + F = 1. (3.1.1)
On a quad mesh each internal edge is shared by exactly two quads and the number of edges and vertices are the same
on the boundary so, we have:
4F = 2E˚ + E¯
E¯ = V¯
}
⇒ E˚ = 2F − V¯
2
.
(3.1.1) gives: V˚ + V¯ − (E˚ + E¯) + F = 1.
⇒ V˚ − F = 1− V¯
2
. (3.1.2)
By (3.1.2), V˚a − V˚b = Fa − Fb
iff V˚a − Fa = V˚b − Fb
iff 1− V¯a
2
= 1− V¯b
2
iff V¯a = V¯b. 
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We want to modify a hex mesh locally such that in some region we modify a sub-mesh without modifying the boundary.
We also examine the parity change i.e., the transformation between two conﬁgurations, one with an even number of hexes
and the other with an odd number of hexes; for the same unchanged boundary. We consider the simplest case i.e., the case
of which vertices of the mesh have the lowest valence. A mesh with a valence of 3 at the most per vertex is reduced to
only one hex, so the simplest case is 4e/v -hex meshes.
Lemma 3.1. The numbers of facets of any 4e/v -hex mesh are a solution of the following systems:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
F˚ = 6(V˚ − 1) + F¯ + 3V
3
1
4
, (a)
P = 2(V˚ − 1) + F¯ + V
3
1
4
, (b)
E˚ = 2V˚ + V
3
1
2
, (c)
V 40 = F¯ − 6, (d)
V 30 = 8− V 31 , (e)
(3.2.1)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
F˚ = 3P − F¯
2
, (a)
V˚ = 2P − F¯ + V
3
1
2
+ 1, (b)
E˚ = 4P + 2− 2 F¯ + V
3
1
2
, (c)
V 40 = F¯ − 6, (d)
V 30 = 8− V 31 . (e)
(3.2.2)
Proof. As a complex of polyhedra, a hex mesh satisﬁes (2.1). Its boundary is a polyhedron so it satisﬁes (2.2). On its
boundary, each edge belongs exactly to two quads. The number of hexes times the number of faces per hex equals the
number of boundary faces plus two times the number of internal faces. Then any hex mesh is subject to the following
system:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
V − E + F − P = 1, (a)
V¯ − E¯ + F¯ = 2, (b)
E¯ = 2 F¯ , (c)
F¯ + 2 F˚ = 6P . (d)
(3.2.3)
On a 4e/v -hex mesh, each internal vertex is connected to 4 edges, each internal vertex belongs to exactly 4 hexes and to
6 faces, each boundary vertex with four external edges belongs to two hexes and to ﬁve faces, each boundary vertex with
one internal edge belongs to 3 hexes and to six faces and, each boundary vertex with only 3 edges belongs to only one hex
and to 3 faces. So we have:
⎧⎪⎨
⎪⎩
4
(
V˚ + V 40 + V 31
)+ 3V 30 = 2E,
4V˚ + V 30 + 2V 40 + 3V 31 = 8P ,
6V˚ + 3V 30 + 5V 40 + 6V 31 = 4F .
(3.2.4)
(3.2.3a) and (3.2.3b) give (3.2.5a); (3.2.3b) and (3.2.3c) give (3.2.5b) of the following system:
{
F˚ − E˚ + V˚ − P = −1, (a)
V 30 + V 40 + V 31 = 2+ F¯ . (b)
(3.2.5)
Combining (3.2.3d), (3.2.5a), (3.2.4) and (3.2.5b) we obtain:
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Fig. 2. Some impossible cases in which the body of a 4e/v -hex mesh may have more than one quad i.e., a quad and at least one additional edge.
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
2 F˚ + F¯ = 6P ,
F˚ − E˚ + V˚ − P = −1,
4
(
V˚ + V 40 + V 31
)+ 3V 30 = 2E,
4V˚ + V 30 + 2V 40 + 3V 31 = 8P ,
6V˚ + 3V 30 + 5V 40 + 6V 31 = 4F ,
V 30 + V 40 + V 31 = 2+ F¯ .
(3.2.6)
The solutions of (3.2.6) satisfy (3.2.1) and (3.2.2). 
Proposition 3.1. The body of a 4e/v -hex mesh is empty or a facet.
Proof. LetM be a 4e/v -hex mesh and let M˚ be its body.
() Each vertex of M˚ is connected to the boundary of M by at least one edge: Suppose that v is a vertex of M˚ not
connected to the boundary ofM, left picture of Fig. 1. Then all the four vertices connected to v are internal vertices ofM.
So, v, v1, v2, v3 and v4 belong to four hexes each. However, adding a fourth hex to v4 on a 4e/v -hex mesh is not realizable.
Thus, each vertex of M˚ is connected to the boundary ofM by at least one edge.
•(a) M˚ has one hex at the most i.e., if there is a hex then there are no additional facets: Thanks to (3.2.1e), V 31  8. Then
M˚ has 8 vertices at the most, since by (), each vertex of M˚ is connected to a boundary vertex of M which necessarily
has one internal edge. So, M˚ has one hex at he most.
•(b) If M˚ has no hex then, it has one quad at the most i.e., if there is a quad then there are no additional edges or
vertices: Suppose that M˚ has more than one quad, Fig. 2. Each internal vertex has a valence of four then, one must connect
vertices of M˚ to the boundary ofM such that each of them has four edges. Thus, in all the ﬁve cases of Fig. 2, in the case
of one quad plus at least one vertex and in more complex cases, the number of edges connected to the boundary ofM is
greater than 8; which is not permitted since by (3.2.1e), V 31  8.
•(c) If M˚ has no quad then, it has one edge at the most i.e., if there is an edge then there are no additional vertices:
(c1) Suppose that M˚ has two connected edges e1 and e2. Then, these connected edges do not belong to the same quad.
If e1 and e2 belong to the same quad Fig. 3, they must be connected to the same boundary vertex v ′ such that v ′ has
two internal edges (the edges connecting v ′ to e1 and e2). Since each boundary vertex of M has at least three edges
on the boundary, v ′ has a valence of at least ﬁve, which is not permitted. Let v be the common vertex of these two
connected edges. Adding two edges to v such that v belongs to four hexes ofM is not realizable, since the two edges
of v in M˚ do not belong to the same quad.
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(c2) If M˚ has two non-connected edges, one edge plus at least one vertex, or more than three edges then, with
the same reasoning as in (b), the number of edges connected to the boundary of M is greater than 8, which is not
permitted.
•(d) If M˚ has no edge then, it has one vertex at the most: Suppose that M˚ has two non-connected vertices. For each
of these vertices, one has a block of M with four hexes and one internal vertex, which is necessarily the right picture of
Fig. 1. Thus, one cannot connect these blocks untoM since each boundary face of the right picture of Fig. 1 has already a
vertex of valence four. 
Lemma 3.2. On a 4e/v -hex mesh, V 31 is always even.
Proof. If a boundary vertex v of the mesh M which has one internal edge is not connected to an internal vertex, v is
connected to another boundary vertex ofM with one internal edge. Thanks to Proposition 3.1 M˚ is empty or a facet. Each
vertex of M˚ has a valence of four so, the number of edges going from M˚ to the boundary ofM is always even. Then, V 31
is always even. 
Lemma 3.3. LetMa be a 4e/v -hex mesh transformed into another 4e/v -hex meshMb with the same boundary quads. Their facets
satisfy:
1.
{
V 30 a = V 31 b,
V 31a = V 30 b,
(3.2.7)
{
V 30 a + V 30 b = 8,
V 31a + V 31 b = 8.
(3.2.8)
2. Pa − Pb = V˚a − V˚b + V
3
1a − 4
2
. (3.2.9)
Proof. 1. Thanks to (3.2.2d), V 40 = F¯ − 6. Then, any transformation keeps the number V 40 constant. The only possible modi-
ﬁcations that can change the connection between the boundary and the body of a 4e/v -hex mesh M, is to interchange its
boundary vertices which have three boundary edges and no internal edge (V 30 ) and its boundary vertices which have one
internal edge (V 31 ). This means that any transformation modiﬁes any boundary vertex of the ﬁrst conﬁguration (Ma) which
has three edges to a boundary vertex of the second conﬁguration (Mb) which has three boundary edges and one internal
edge. Then any transformation of Ma into Mb with the same boundary quads, satisﬁes (3.2.7). (3.2.7) and (3.2.2e) give
(3.2.8).
2. Thanks to (3.2.1b), (3.2.7) and (3.2.8), Pa − Pb satisﬁes (3.2.9). 
Lemma 3.4. LetMa be a 4e/v -hex mesh transformed into another 4e/v -hex meshMb with the same boundary quads then, V˚a and
V˚b have the same parity.
Proof. Thanks to (3.2.9), V˚a and V˚b have the same parity, since by Lemma 3.2 V 31 a is always even. 
Theorem 3.2. No 4e/v -hex mesh with more than 7 hexes can be transformed into another 4e/v -hex mesh without changing its bound-
ary quads. The parity of a 4e/v -hex mesh cannot be changed without modifying its boundary quads.
Proof. Suppose that we have a 4e/v -hex mesh Ma that we want to transform into another 4e/v -hex mesh Mb with the
same boundary quads. To prove Theorem 3.2, it is suﬃcient to prove that:
Pa + Pb = 8.
The number of transformations of any 4e/v -hex mesh M is the number of different ways to connect the boundary of
M to its internal mesh M˚, times the number of possibles transformations of the body of M˚; since the modiﬁcation of the
position of any boundary edge modiﬁes boundary quads. Thanks to Proposition 3.1, the body of M˚ is empty (no vertex);
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to connect the boundary ofM to each possible internal mesh. Let us examine how to modify the connection between the
boundary and the body ofM. If there is a boundary vertex v with three boundary edges which is not modiﬁed while the
others are modiﬁed, the hexes to which belongs v are not modiﬁed. So, all the vertices which have three edges on the
boundary must be modiﬁed by any transformation. Then there is at the most one possible transformation ofMa intoMb
with the same boundary quads, and which satisﬁes (3.2.7) and (3.2.8).
Thanks to Proposition 3.1, any internal mesh has one hex at the most so, V˚  8. Let us examine the possible values of V˚
in (3.2.2):
•(1) If V˚a = 8, then V 31 a = 8; since each internal vertex is connected to one boundary vertex and to three other internal
vertices. Then, by (3.2.7) V 30 a = 0, since V 31 b = 0 by (3.2.8). V 31 b = 0 then, no internal edge is connected the boundary of
meshMb; so, V˚b = 0. Thanks to (3.2.1b),
Pa =
14+ V 40a + 14
4
 7.
We have necessarily Pa = 7 i.e., one internal hex H and six hexes around the faces of H ; since those six hexes have each
a boundary face with vertices of a valence of 4, there is no way to add another one. Then, (3.2.9) gives Pa − Pb = 6, so
Pa + Pb = 8.
•(2) If V˚a = 4, we have an internal quad around which there are 6 hexes: one above, one below and four around the four
edges. Each internal vertex is connected to two boundary edges and to two others internal vertices. We then have V 31 a = 8.
Consequently, we have the same results at (1): V 30 a = 0, V 31 b = 0, V˚b = 0. There is no way to add another hex to the ﬁrst
six hexes so, Pa = 6. (3.2.9) gives Pa − Pb = 4. Then, Pa + Pb = 8.
•(3) If V˚a = 2, each internal vertex is connected to three boundary vertices then, V 31 a = 6. Thanks to Lemma 3.4 V˚a
and V˚b have the same parity. We consider the cases V˚b = 0,2; since the cases V˚b = 4,8 correspond to the cases examined
above. If V˚b = 2, then V 31 b = 6; this is absurd because V 31 a = 6 and (3.2.8) must be satisﬁed. So, V˚b = 0 which gives by
(3.2.9) Pa − Pb = 2. Since V˚a = 2, we have necessarily Pa = 5 (around 2 internal vertices there cannot be more than or less
than ﬁve hexes in a 4e/v -hex mesh) then, Pa + Pb = 8.
•(4) If V˚a = 1 then, V˚b = 1; since both internal vertices have the same parity (Lemma 3.4) and the body ofMb is empty,
or a facet (Proposition 3.1). By (3.2.7), (3.2.8), (3.2.1) and (3.2.9) one has: V 31 a = V 31 b = 4, Pa − Pb = 0. With one internal
vertex, one cannot have more than or less than four hexes in a 4e/v -hex mesh then, Pa = 4. So, Pa + Pb = 8.
•(5) If V˚a = 0, we examine only the case V˚b = 0 since the other cases are similar to the cases examined above. Thank
to Lemma 3.2 V 31 a , is always even and thanks to (3.2.8) V
3
1 a  8. Let examine the values of V 31a:
– If V 31 a = 0, we have by (3.2.9) Pa − Pb = −2, by (3.2.8) V 31 b = 8 and by (3.2.1) E˚b = 4. Necessarily, Pb = 5; with four
internal edges and no internal vertex, one cannot have more than or less than ﬁve hexes in a 4e/v -hex mesh. So,
Pa + Pb = 8.
– If V 31 a = 2 then, by (3.2.9) Pa − Pb = −1, by (3.2.8) V 31 b = 6, by (3.2.1) E˚a = 1 and E˚b = 3. With one internal edge, and
no internal vertex one has exactly three hexes on a 4e/v -hex mesh so, Pa = 3. As Pa − Pb = −1 we have Pb = 4 which
is absurd by (3.2.2), since E˚b = 3 and V˚b = 0.
– If V 31 a = 4 then, by (3.2.9) Pa − Pb = 0, and by (3.2.1) E˚a = 2. One has necessarily Pa = 4, since E˚a = 2 and V˚a = 0. So
once more, Pa + Pb = 8.
– The cases V 31 a = 6,8 correspond to V 31 b = 2,0. These cases are already examined for V 31 a .
Finally,
Pa + Pb = 8. 
4. Flipping hex meshes
For hexahedral meshes, the operations described in [1] as ﬂipping for hexes extend the quadrilateral reﬁnement oper-
ations of Canann, Muthukrishnan and Phillips [4], (Fig. 4) to three dimensions. The ﬂips for hexes, Fig. 5, can be used to
modify hexes inside a mesh. The pair of integers (X, Y ) of Figs. 4 (resp. 5) are deﬁned as follows [1]: To any set S of quads
(resp. hexes) of a cube (resp. hypercube), X denotes the number of pairs of quads (resp. hexes) eXcluded from S , and Y
denotes the number of pairs of quads (resp. hexes) Yncluded in S .
Theorem 4.1 (Existence of 4e/v -hex mesh transformations). The set of hexahedral ﬂipping operations of Fig. 5, constitute the set of
possible transformations which keep unchanged the boundary of any 4e/v -hexahedral mesh.
Proof. Theorem 3.2 says in other words that the sum of the number of hexes of the two conﬁgurations of each transfor-
mation of any 4e/v -hex mesh with its boundary unchanged, is always eight. One can observe that each operation of the set
of hexes ﬂipping satisﬁes the characterizations of Theorem 3.2. We examine the possible modiﬁcations on 4e/v -hex meshes
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with unchanged boundary, for each number P of hexes, 1 P  7; and show that one has exactly the ﬂips for hexes. F¯ is
always even [8].
• If P = 1 we have only one possibility: F¯ = 6. One has the (3,0) ←→ (0,3) ﬂipping transformation.
• If P = 2 we have only one possibility: F¯ = 10. One has the (2,0) ←→ (0,2) ﬂip.
• If P = 3 we have two possibilities:
1. F¯ = 12 and one has the (1,0) ←→ (0,1) ﬂip.
2. F¯ = 14, the solution of (3.2.2) gives:
Pb = 5, F˚b = 8, V˚b = 0, E˚b = 4,
which corresponds to the (2,1) ←→ (1,2) ﬂip. For the conﬁguration of Fig. 6, there is no possible transformation
without having ﬁve edge on a boundary vertex. So, apart from the (2,1) ←→ (1,2) ﬂip, no other conﬁgurations satisﬁes
F¯ = 14.
• If P = 4, we have F¯  18, since adding a hex to the conﬁguration of Fig. 6, the number of boundary faces cannot be
bigger than eighteen:
1. If F¯ = 18, the four hexes must be in a row, (3.2.2c) tell us that the second conﬁguration has a negative number of
internal edges, so there is no possible transformation.
2. If F¯ = 16, we have by (3.2.2b), V˚ = 1 − V 312 . It means that V˚ = 0,1 in one conﬁguration. However by (3.2.9), V˚ is
negative in the other conﬁguration, so there is no solution.
3. If F¯ = 14, we obtain the (1,1) ←→ (1,1).
4. If F¯ = 12, we obtain the (0,0) ←→ (0,0).
5. If F¯  10, we have by (3.2.2a), F˚  7. But a mesh with 4 hexes could not have more than 6 internal faces, so there is
no solution.
• If P = 5, by adding one hex to the case P = 4, we have F¯  22:
1. If 22 F¯  16, by discussing the values of V 31 in (3.2.1b), there is one conﬁguration where V˚ is negative.
2. The cases F¯ = 14 and F¯ = 12 correspond to the solutions obtained with P = 3.
3. A mesh with 5 hexes could not have less than 10 boundary faces. Then if F¯ = 10, the second conﬁguration has 3 hexes
with 10 boundary faces, which is not realizable.
• If P = 6, by adding one hex to the case P = 5, we have F¯  26:
1. If 26 F¯  12, by discussing the values of V 31 in (3.2.1b), there is one conﬁguration where V˚ is negative.
2. The case F¯ = 10 corresponds to the solution obtained with P = 2.
3. If F¯ < 10 the second conﬁguration has 2 hexes with less than 10 boundary faces, not realizable.
• If P = 7, by adding one hex to the case P = 6, we have F¯  30:
1. If 30 F¯  8, by discussing the values of V 31 in (3.2.1b), there is one conﬁguration where V˚ is negative.
2. The case F¯ = 6 corresponds to the solution obtained with P = 1.
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Fig. 6. A conﬁguration of a 4e/v -hex mesh with 3 hexes.
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So apart from the set of hex ﬂips, there is no transformation of a 4e/v -hex mesh into another 4e/v -hex mesh with the
boundary unchanged. 
5. A new set of local modiﬁcations on hexahedral meshes
We have previously observed that the hex ﬂips are the only possible transformations of any 4e/v -hex mesh with its
boundary unchanged. So, if one wants to modify a hex mesh with its boundary unchanged, apart from using the ﬂips, one
must try a more complex situation in terms of valence of the vertices.
We have tried to build local hex transformations for a 5e/v -hex mesh and obtained four basic transformations, Fig. 7.
These basic transformations can be extended inﬁnitely by adding suitably, Fig. 8, k layers of hexes, k ∈N, between the hexes
on each conﬁguration of each of the transformations of Fig. 7.
Remark 5.1. One can observe that the sum of the number of hexes on both sides of the local transformations of hexahedral
meshes we have examined, equals 2+ 6k, k ∈N∗ , i.e.,
Pa + Pb = 2+ 6k, k ∈N∗. (5.1)
k = 1 corresponds to the set of ﬂips described by Bern et al. and k 2 corresponds to the transformations we have proposed.
Thanks to Remark 5.1, all the geometrical transformations of hexahedral meshes we have examined cannot change the
parity of the mesh i.e., we have no local transformation of which a conﬁguration has an even number of hexes while the
other conﬁguration has an odd number of hexes.
Questions. Is (5.1) valid on any geometrical hex mesh of valence less than six? Can (5.1) be generalized to any geometrical
hex mesh?
Remark 5.1 also suggests that the open problem of parity changing on a geometrical hex mesh may not have “easy”
solutions, despite the ideas of Bern et al. [1] and the positive answer proposed by Schwartz and Ziegler [9], concerning the
introduction of a Boy surface into the dual of a topological hex mesh in order to change its parity.
6. Summary
We have shown that the modiﬁcation of the number of cells and the modiﬁcation of the number of vertices of a quad
mesh with unchanged boundary are equivalent. We have described a property of the hexahedral ﬂipping transformations
proposed by Bern et al. [1], from a geometrical and combinatorial point of view. We have obtained that no other local
transformations of 4e/v -hex meshes exists, apart from the hex ﬂips of Bern et al. We have then proposed a new set of basic
local transformations for hexahedral meshes of valence less than six, which generates sequences of local transformations.
F. Hecht et al. / Computational Geometry 45 (2012) 62–71 71Fig. 8. Some 5e/v -hex meshes local transformations, k ∈ N. One can add k layers of hexes on each conﬁguration of each transformation, such that it
generates sequences of transformations. (x, y) denotes: x the number of boundary faces and y the number of hexes.
We have also observed that all the local transformations of hexahedral meshes we have examined do not change the parity
of the mesh where they are applied.
References
[1] M. Bern, D. Eppstein, J. Erickson, Flipping cubical meshes, Engineering with Computers 18 (2002) 173–187.
[2] G. Blind, R. Blind, The almost simple cubical polytopes, Discrete Math. 184 (1998) 25–48.
[3] J.-D. Boissonnat, M. Yvinec, Géométrie Algorithmique, Ediscience International, 1995.
[4] S. Canann, S. Muthukrishnan, R. Phillips, Topological reﬁnement procedures for quadrilateral ﬁnite element meshes, Engineering with Computers 12
(1998) 168–177.
[5] J. Gergonne, Géométrie de situation sur théorème d’Euler relatif aux polyèdres, Annales de Mathématiques Pures et Appliquées 19 (1828–1829) 333–
338.
[6] M. Joswig, G.M. Ziegler, Neighborly cubical polytopes, Discrete & Computational Geometry 24 (2–3) (2000) 325–344, arXiv:math.CO/9812033.
[7] S. Matveev, M. Polyak, Finite-type invariants of cubic complexes, Acta Applicandae Mathematicae 75 (2003) 125–132.
[8] S. Mitchell, A characterization of the quadrilateral meshes of a surface which admits a compatible hexaedral mesh of the enclosed volume, in: Proceed-
ings of the 13th Annual Symposium on Theoretical Aspects of Computer Science, Springer-Verlag, 1996, pp. 465–476.
[9] A. Schwartz, G.M. Ziegler, Construction techniques for cubical complexes, odd cubical 4-polytopes, and prescribed dual manifolds, Experimental Mathe-
matics 13 (2004) 385–413.
